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Contractive mappings—Preliminaries

1. Show the following:

Let X be a metric space, let {x,} be sequence in X, and let x € X. Then, the following
three statements are equivalent:

(1) xn ~ x;

(2) For all subsequence {x,, } of {x»}, Xn, > X;

(3) For all subsequence {x», } of {x»}, there exists a subsequence {x,, } of {x,,} such that

xnj - X.

2. Show the following:
Let X be a metric space and let {x,} and {y,} be sequences in X. Then, the following two

statements are equivalent:
(1) d(xn,yn) — 00;
(2) For all subsequences {x», } of {x,} and {yn, } of {yn}, d(xn;,¥n,) = ©.

3. Show the following:
Let X be a metric space and let C be a subset of X. If C is compact, then C is closed in X.

4. Show the following:
Let X be a metric space and let C be a subset of X. If C is compact, then C is bounded,

that is,
dM > 0 such that Vx,y € C, d(x,y) < M.

Contractive mappings

1. Show the following:
Let X and Y be metric spaces and let T : X — Y be a contractive mapping. Then, T is

nonexpansive, that is,
d(Tx,Ty) < d(x,y).

2. Show the following:
Let X be a compact metric space, and let T : X » X be a contractive mapping. Then,
there exists a unique fixed point x* of 7, and for any x € X, the sequence {I"x} converges to

X7,

3. Show the following:
Let C be a closed subset of RY, let T : C - C be a contractive mapping, and let x* € C
be a fixed point of 7. Then, (1) F(T) = {x*}, and (2) for any x € X, the sequence {7"x}

converges to x*.
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