


**** 2/6[0,0 %,ﬁre[o,lj a<+/5’+r— | -

S (. e b
MRS 4/0@9{(9( 9)+/5’a//1/7")+Y//7T9)J ‘
N ‘ Lé E’1;("'€F('r) 7(€‘X T")(——fx*,,,-f i R

fffff (bpslinwy) ‘
e ;djxe)(m(d%wxn /’b(/he//vu{o))
| ﬂffa%w#«/ " WA



,0<I iy

| ‘ é=)/(o‘f'/5—rr)<; R ‘

Y 771 0000 A0 0 0 B

d(xn,ﬁhﬂ) < /’9([2(/)—/, An)

(/?'d/J/n«z )//M) | AR



- /(% "')77",“;’ mn,n—w”, i

" ﬂAXVWﬁ‘,ﬂ’&C’ 59("'5)( 7(:,——97(*

N i b
e g .

d(x*rx*)v/(x*m)w/(m Tﬂ** SEERREE




. R S e T e e e

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,



;’—"7’“5'17(*61‘(7‘) XEX T"X*""“

gl

- e o e < o S S iR £ = e %t B Bymm o mim = e % A LR 5 2 1 s S B mioAr = 2 SIS 2 S TR © § W SUER Fie SR 9 = F S qln S 5 % et 5 NS et
~~~~~~~~~~~~~~~~~~~

....................................................

e B i o 2 Blasm: m e e n m moli = Maneym Bl B A0S = D ALs 93

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

e m e A RS g EE R I DA S B R RS A A SR SAE SR R R S e S s s e S E S s s S S R T S TSSO T ST T

——————————————————————————————————————————————————————————————————————————————————
—————————————————————————————

.................................................................................................

,,,,

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

g ’ . ot m e i o U oy b 5 SR S S A avmve s A memd © e e = =l B sl o o 2 o n o SVE ZiSTANs S B By s e
bmmrmflnmmdin e s Mo oo M oo B e £ S ST S RS S SRR SN SeiEhs 3 wiahs o 2 lensis i wmele s cinl s a s 2 s Lo B o e R S S e s A s RS R R =






\?\\ ,

\

R e
T X2X el

3,%[0,1): Vx,ﬁé)(,
dltaT19) - ;
| g/-/m/xz/,{(x,7),4/7(,T)C),d(y,7‘7),

() +d(TA0)] ]
Lﬁ 2114‘5 F(r): %(GX, T x* N

{Exsofline?
LA xeX Mw(o(é%u'u Ap=T % (MWU{D))'
We prave that (A)0 4 [Mé{z/d/fuzu,
- An= e fir g nelv o} Hon
 Ant2 = Toner = TAn= Zntr
%‘7&0"—(, An= Apt1 = Hpt2 = --°
o Why,peume Tt
 dnkAne IneV{o}
(onuguar®ly, dl(dn, Aner) 70




Dl ot
a((?(nﬂ(w) =A(THn-t, TAn) "
< p- o { {(Are1,n), o A1, ), A /J(n Anet)

.—-—-[0{(}(/;«//7(/;{4) ‘f‘ﬁ/{xh/ 7(”)] )

< /0 /MW( {a{()(h’// ;(h)/ d{ﬂ{h/)(hﬂ)/
3'—[0((7(;;4,)('1)-(—p{(/J(n,J(h—f-()] )
4/0_ ”’M /ﬂ({?lh'l J(h) d/jh XI'H")) "éﬁrr

Dbt Lk o o)<l ) 4

I ne, dnem ®,
d/?(b,%hf!)",ﬂd/?(n 7(/;./4)) ,06[0 i)

. < H{Hn,dnet) dﬂh,’(ﬁﬂ)}’o
| Tfew So 0 Lon ol i

P(ﬁw, ) frto. |

[ram &) ord ), M%w |
d/?fn,J(nfc) /op{(y(n—f,ﬂ(h)

(/2'0{(7(/:»2,, 7(/1—1)

1/0"0{(7(0 Ar) .



Lp monels mzn.
It filbriso KR

o{/ﬂh Jm)

(0//701 J(Ml)-l- *4’(/7%—-/,7(/»)
5 P AP0, K)o 4 P Y (Ko KD

</"a[{)(o/2(l) (/+ /—{'/” )

= 2 (X0, A1) = —y 05

T//,pa ,uwﬁm/{w ﬂM‘
(X! bo & [aua{/ 0§ ULhC

//X w 507"}0%,3)(*6,(: 71;./)7(”ﬁ '



A
:‘d/?ff Aner ) 4—4/1;(,,/ Tx*)
(A% Ham) ‘ |

£ P nex {A//Xh,7(‘f), p[/?(/:,)(,,,,.;)/ 0//)(‘/’ T)(’)/ ‘
‘ ’.ZL["((%"/T?(*)’W(/?(M// 7(/*)]}

fp/(?fj;ﬂhﬂ) o |

- A2, 3%), ol 1), (X TR,
(10,3 ol TH) ko, 7)) }

1] 0({75", Anet)

£ p[dlo0n, %) 400, Zne)
+ A1 7X*) +d(Xne1, X%) ]
Herss (53 75) € ¢ (X% T47) o 142,
o (i-p) AT ) g0

fo P70, ot ofash 0= TA% |



Tt TH)

¢ pmax {ol(2s 9%), d (2 7). A(32 T4,
() ed(9%)))

= pd0 7). T
At (1-p) A(%° y¥)<0 |

ﬂ ﬂo/«pw,w(% = 4%
| Va



X CMS G
Ti k= X Chablnger

i€ 2celot): W ex

- (=2 x%e Fr): UeX, Tux" |
oot ?
Lufftang p=2¢€[0,1), pe Aave

AT T4 i
< ¢ [A(x ) +A(TX9)

=3¢ ,J‘_[d(x,’ry)«rd/rx}w] o
< - man [ (%.4), d (070,412 T2,
L)+ (28] |

P el e shsind ot

a//Tx,Ti);’C[d(x,ﬁ)w((rx,?)) e



/2
| X €MAS
TiX= X

30¢[01)t K, 3K
AT, T9)

e p. (a0, Al ) d(4TH)

= ke () ex, T AT

e

/



G —— e e i
 JoranuNN SRR ARREN
TiX=2X ‘ |
9/5[0 (), a( 2, 76[0 IJ 0(1“,5{'3’ /
N IEX

a//ﬁ( ) .

£ /@A A% )+ BA(X,TA)+£ 4[4 r4))
21 & N, 7 h ¥ |

=7 eF(r): KeX T'x =X J |

A/xc/*w | N

T X=X [N 1

20¢[0,1); 4 B YE[2 /] a(—f-/ﬁ’fr =/
W yex

A(TATY) i
< p (9] [ ] lusts)

A\ ytep(r): Ixe X, T'X— " j ‘

\




L — . <
Poems )
T X=X 3
3pelo1), belo4 ) 09(/76)(/
/:)a(/rx,ﬂ)‘ad(ﬂc ) or

(i) d(T2.TY)
(L(d{x,12<)+d//, 4))

4? tef(r): HeX, Tac»—n("'




Extensions of the Banach contraction principle
1. Prove the following Theorem 1:
Theorem 1. Let X be a complete metric space and let 7 : X - X be a mapping that

satisfies

<T : Ciri¢-Reich-Rus type contraction mapping>

dp € [0,1), a,B,y € [0,1] suchthata+ p+y =1,

d(Tx,Ty) < plad(x,y) + Bd(x,Tx) + yd(y,Ty)] (Vx,y € X).
Prove that T has a unique fixed point x* € F(T), and that T"x - x* (as n — oo) for any initial
point x € X.

2. Prove that fixed point theorems for contraction mappings and Kannan mappings can be
derived from Theorem 1.

3. Prove the following Theorem A:

Theorem A. Let X be a complete metric space and let T : X - X be a mapping that
satisfies the following:
dp € [0,1) : Vx,y € X,
d(Tx, Ty) < pmax{d(x.y), d(x, Tx), d@, Ty), S[dCe.Ty) + d(Txp)] ).

Prove that T has a unique fixed point x* € F(T), and that T"x — x* (as n > oo) for any initial
point x € X.

4. Show that Chatterjea’s fixed point theorem is derived from Theorem A.
5. Verify that Theorem 1 and Theorem 2 below are derived from Theorem A.

Theorem 2. Let X be a complete metric space and let 7 : X - X be a mapping that
satisfies the following:

dp € [0,1), a, B,y € [0,1] suchthata + B+ = 1,
d(Tx, Ty) < pld(x,y)]*[d(x, Tx))’[d(y, TY)]" (Vx,y € X)

Prove that T has a unique fixed point x* € F(T), and that T"x - x* (as n — oo) for any initial
point x € X.

6. Prove Theorem 2 directly without using Theorem A.
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