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¢ —Contractions

1. Show the following:
Let ¢ : [0,00) — [0,00) be a comparison function. Then, for any ¢ > 0, it holds true that

olt) < L.

2. Show the following:
Let ¢ : [0,0) » [0,0) be a comparison function. Then, ¢(0) = 0.

3. Show the following:
Let ¢ : [0,00) - [0,0) be a continuous and monotone increasing function. Suppose that

@(t) < tforanyt > 0. Then, ¢ : [0,00) - [0,0) is a comparison function.

4. Give examples of comparison functions ¢ : [0,00) — [0,0).

5. Give examples of ¢—contraction mappings defined on a metric space X.

6. Show the following:

Let X be a metric space and let 7 : X - X be a ¢—contraction mapping. Then, T is
contractive.

7. Prove the following lemma:

Lemma.

Let X be a metric space and let 7 : X - X be a ¢—contraction mapping. Let x € X and

€ > 0 such that d(x, Tx) < & — ¢(¢). Then, an open ball (sphere) B.(x) is T-invariant.

8. State the claim of the fixed point theorem for ¢—contraction mappings and prove it.



