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Quasi—contraction mappings
1.Let T : X - X be a p—contraction mapping, where is a Xmetric space. Let x € X and
n € N U {0}. Then, it holds that M(x,n) < #d(x, Tx), where
M(x,n) = max{d(x, Tx),d(x, T*x), ---, d(x, T"x) }.

Prove this.
2. Prove the Banach contraction principle using the result of Problem 1.
3. For Kannan mappings or Chatterjea mappings, does the result of Problem 2 hold or not?

For T : X - X, define
O(x, n) = {x,Tx, T?x,---, T"x} and
O(x, ) = {x,Tx, T?x, -+, T"x, -+ }.
Furthermore, for a subset 4 of a metric space X, denote by 6(4) a diameter of 4, i.e.,
6(A4) = sup{d(x,y) : x,y € A}.

4. Let T : X » X be a p—quasi—contraction mapping, where X is a metric space. Let
x € Xand n € N U {0}. Then, it holds that

d(T'x, T'x) < pd(O(x, max{i,j}))
po(O(x, n))

IA

for all i,j € {1,2,---,n}. Prove this.

5.Let T : X - X be a p—quasi—contraction mapping, where X is a metric space. Let
x € Xand n € N U {0}. Then, it holds that

5(0(x, n)) = max{d(x, Tx),d(x, T*x), ---,d(x, T"x) }.

Prove this.

6. Let T : X -» X be a p—quasi—contraction mapping, where X is a metric space. For
x € X, the following inequality holds:

6(0(x, ©)) <

1
-5 d(x, Tx).

Prove this.

7.Let T : X - X be a p—quasi—contraction mapping, where X is a T-orbitally complete
metric space. Prove that 7 has a unique fixed point x* € F(T), and that 7"x - x* (as n — )
for any initial point x € X.
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