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The Banach contraction principle

1. Let X be a metric space and let {x,} be a sequence in X that is convergent. Show that
{xn} is a Cauchy sequence.

2. Let X, Y be metric spaces and let T : X - Y be a Lipschitz continuous mapping. Show
that 7 is continuous.

3. Let I be an open interval in R and let T : I - R be a differentiable function. Prove that
the following two assertions (1) and (2) are equivalent:

(1) Tis K-Lipschitz continuous.

(2) |T'(x)| < K for all x € I, where T" is the derivative of T.

4. Let X be a metric space, let C be a nonempty subset of X, and let 7 : C - X be a
continuous mapping. Then, the set of fixed points of T
F(T)=4xe C: Tx = x}

is closed in C. Prove this.

5. Let X be a metric space and let T : X - X be an r-contraction mapping. For x € X,
define x, = T"x for n € N U {0} and suppose that x, - x* for some x* € X. Prove that
x* e F(T).

6. Write the statement of the Banach contraction principle and prove it.

7. Let X be a complete metric space. Assume that there exists M € N such that
T™M . X - Xis an r-contraction mapping, where TM is the M-time composite mapping of 7. In
this case, the same conclusion as the Banach contraction principle holds. Prove this.

8. Give an example of a mapping 7 where T and 72 are not contraction mappings, and T3 is
a contraction mapping.

Reference
S. Banach, “Sur les opéations dans les ensembles abstraits et leur applications aux
éuations intérales,” Fund. Math. 3 (1922): 133-181.



